Introduction
An old but fundamental problem in the arithmetic theory of quadratic forms is the computation of the mass of a lattice L in a quadratic space (V, q) over a number field F . Among the pioneers of its study were Smith, Minkowski and Siegel. After the work of Kneser, Tamagawa and Weil, this problem can be neatly formulated in group theoretic terms. More precisely, if G denotes the special orthogonal group SO(V, q), then mass(L) can be expressed as the volume of G(F )\G(A) with respect to a volume form µ L associated naturally to L, and one can relate µ L to the Tamagawa measure of G(A) by virtue of certain local densities. Since the Tamagawa number of G is equal to 2, the computation of mass(L) is thus reduced to the computation of these local densities.
The computation of local densities is, however, not an entirely trivial task, especially at a 2-adic place of F . Though there has been much work in this direction, in the introduction to his recent paper [S] , Shimura lamented the lack of exact formulas in the literature for mass(L), even for certain special lattices. He then went on to obtain such an exact formula for the maximal lattice in (V, q).
The purpose of this paper is to obtain the mass of a unimodular lattice from the point of view of Bruhat-Tits theory. This is achieved by relating the local stabilizer of the lattice to a maximal parahoric subgroup of the special orthogonal group, and appealing to an explicit mass formula for parahoric subgroups developed in [GHY] . This explicit formula is a consequence of the important work of Prasad [P] and its extension by Gross [Gr] , and can be used to derive the results of [S] (as was done in [GHY] ).
Of course, the exact mass formula for positive definite unimodular lattices is well-known (cf. for example [CS, Pg. 409] ). Moreover, the exact formula for lattices of signature (n, 1) (which give rise to hyperbolic orbifolds) was obtained by Ratcliffe-Tschantz [RT] , starting from the fundamental work of Siegel. Our approach works uniformly for unimodular lattices of arbitrary signature (r, s) and hopefully gives a more conceptual way of deriving the above known results. The final formulas are stated in Theorems 6.2 and 6.3.
Basic Notions
Let F be a number field with ring of integers A. For each place v of F , let F v denote the corresponding local field with ring of integers A v if v is finite. We shall let A be the adele ring of F and A f the subring of finite adeles.
Let (V, q) be a quadratic space over F of dimension d, and let B q be the symmetric bilinear form defined by:
Note that
The discriminant of (V, q) is defined as follows. One diagonalizes q using a suitable basis of V , say q(x 1 , ...,
The square class of disc(q) determines a quadratic character χ disc(q) of Gal(F /F ), and we let E disc(q) be theétale quadratic algebra determined by χ disc(q) . More precisely,
Let L ⊂ V be a lattice on which q takes integer values. We shall write L v for the localization L ⊗ A v . Recall the following basic definition:
Definition: The genus of L is the set of isomorphism classes of lattices M in (V, q) such that
Let G = SO(V, q) be the special orthogonal group associated with (V, q). To avoid having to work with non-semisimple groups, we assume henceforth that d = dim(V ) ≥ 3. This is for uniformity of exposition and is not a serious assumption. If
is the stabilizer of L = v<∞ L v , then the genus of L can be indexed by the double coset space
This is a finite set and for
with the intersection occurring in V ⊗ A f . For each α, let
It is the stabilizer in G(F ) of L α and has finite covolume in G(F ⊗ R).
We can now introduce an important classical invariant for the genus of L; it is called the mass of L. When F is totally real and q is totally definite, this is defined by
Another way to define this is as follows. Let µ L be the Haar measure on G(A) which gives the open compact subgroup
Using the above integral formula, one can extend the definition of M ass(L) to the indefinite case. However, to define the measure µ L in general, one needs to specify a Haar measure on G(F ⊗ R). Different authors made different choices for this; we shall now explain our choice.
There are two natural choices of Haar measure on G(F ⊗ R), at least from the group theoretic point of view. Any reductive algebraic group over R, such as Res F/Q G × R, has a unique split form and a unique compact form and each of these has a natural Haar measure. For the split form, it is the measure induced by an invariant differential form of top degree on the canonical Chevalley model over Z. For the compact form, it is the measure giving the group volume 1. Each of these two measures can be transferred to any other forms of the group in a standard way, as described in [Gr, §11] . In this way, we obtain two natural Haar measures µ cpt and µ sp on G(F ⊗ R). They are related by (cf. [Gr, §7] )
where deg(F ) is the degree of F over Q and
The measure we use for the definition of M ass(L) is µ cpt . Thus we set
When q is totally definite, this agrees with the classical definition above. When q is indefinite, we have:
A Mass Formula
For a natural class of lattices L in (V, q), an explicit formula for M ass(L) was given in [GHY, Proposition 2.13] , based on the fundamental work [P] and its extension [Gr] . These are the lattices for which the local stabilizers K Lv are parahoric subgroups of G(F v ) (in the sense of Bruhat-Tits theory). To state this formula, we need to introduce some more notations.
By Bruhat-Tits theory, there is a smooth affine group scheme G v over A v , with generic fiber
. Let G v be the maximal reductive quotient of the special fiber of G v ; it is a (possibly disconnected) reductive algebraic group over the residue field of F v . Let N (G v ) be the number of positive roots of G v over the algebraic closure. Then the number
is a product of certain local L-factors and can be easily computed once one identifies G v .
Similarly, if G qs is the quasi-split inner form of G, then we may consider the connected integral model G qs,v associated to the special maximal compact subgroup of G qs (F v ) specified in [Gr, §4] . As above, we may define the number
We can now state the formula of [GHY, Proposition 2.13]:
is the special value of an L-function associated to G and is given by:
-for each finite place v,
Remarks: (i) The first factor in the mass formula depends only on the group G and should be regarded as the main term, whereas the λ-factors depend on the local stabilizers K Lv and should be regarded as fudge factors. The point of the above formula is that the λ-factors are effectively computable from Bruhat-Tits theory. Note that the product of λ-factors is a finite product, since for almost all places v, G v is quasi-split and K Lv is a hyperspecial maximal compact subgroup, in which case λ Lv = 1.
(ii) In [GHY, Proposition 2.13], the formula was stated only under the assumption that F is totally real and q is totally definite. However, the derivation given in [GHY, §2] only relies on [GG, Proposition 9.3] , and the latter holds without these restrictions, as long as the group G is semisimple.
(iii) The reader may notice that the formula in [GHY, Proposition 2.13 ] is cleaner than the one given above, and involves L-values at negative integers rather than positive integers. Not surprisingly, the two versions are related by the functional equation. If we had applied the functional equation to the formula of the Theorem, we expect to get the values ζ F (1 − 2r). But for some number fields, these quantities are equal to 0; in this case, one has to use the leading term of the Taylor expansion of the zeta functions in place of the value. Because of this complication, we prefer to leave the formula as it is.
Suppose that L is an arbitrary lattice, so that K Lv may not be parahoric. For each v, there will be a maximal parahoric subgroup K v containing K Lv , and clearly, if we know the index of K Lv in K v , we can determine M ass(L). More precisely, if we set
then λ Lv is well-defined, i.e. independent of the choice of K v , and the formula of the Theorem continues to hold for any lattice L.
In the following sections, we shall use this formula to obtain the mass of certain special lattices L.
Maximal and Unimodular Lattices
We recall the following basic definitions:
Definitions:
where
Clearly, the analogous definitions can be made for the local lattices L v . We note the following elementary remarks.
Remarks: (i) L is maximal if and only if L v is maximal for all finite places v of F . Similarly, L is unimodular if and only if L v is unimodular for all finite places v.
(ii) If L is a unimodular lattice, then of course L is a largest lattice on which B q is A-valued. If F v is a p-adic field with p = 2, then this implies that L v is a maximal lattice. However, over the number field F or a 2-adic field F v , L need not be a maximal lattice.
For a maximal lattice L, it is a consequence of [BT] that the local stabilizers K Lv are maximal parahoric subgroups. Exploiting this fact, the mass of L can be obtained using Theorem 3.1. This was carried out in [GHY] , where the relevant λ-factors were tabulated.
In this paper, we shall explain how to obtain the mass of a unimodular lattice by exploiting Theorem 3.1, at least for a quadratic space over Q. To do this, we need to relate the local stabilizer of a unimodular lattice to a parahoric subgroup. We treat this local question in the next section.
Local stabilizers of Unimodular Lattices
In this section, assume that F = Q p . We shall relate the stabilizers of unimodular lattices to maximal parahoric subgroups. Recall that we are assuming that d = dim(V ) ≥ 3.
First recall the classification of quadratic spaces over Q p . We have already defined the discriminant of (V, q). Another invariant of (V, q) is the Hasse-Witt invariant defined as follows. By choosing a suitable basis of V , we may diagonalize the form q, say
Then the Hasse-Witt invariant is:
where (−, −) is the Hilbert symbol of Q p . The quadratic space (V, q) is then determined by the invariants
Note that the definition of HW differs from the in [GHY] .
As we mentioned in the previous section, if p = 2, a unimodular lattice in (V, q) is necessarily a maximal lattice. These were enumerated in [GHY] , with their stabilizers identified and their λ-factors tabulated. Hence the main local problem is to understand the stabilizers of unimodular lattices over Q 2 .
We shall assume for the rest of the section that p = 2.
In this case, one distinguishes betwen two types of unimodular lattices.
Definitions: A unimodular lattice L in (V, q) is said to be even if q(L) ⊂ 2Z 2 ; it is said to be odd otherwise.
Proposition 5.1. Fix a quadratic space (V, q). Then there is at most one isomorphism class of odd (resp. even) unimodular lattices in (V, q).
Proof. This follows from [OM, Theorem 93.16, Pg. 259] and the discussion in [OM, §93G] .
To decide which quadratic spaces actually possess a unimodular lattice, we first begin with the even case. We have: Proposition 5.2. (i) L is an even unimodular lattice in (V, q) if and only if L is a maximal lattice in (V, (ii) (V, q) contains an even unimodular lattice if and only if E disc(q) is not a ramified quadratic extension and HW (q) = (−1) n(n−1)/2 .
(iii) More explicitly, the possible quadratic spaces are:
• (V, q) ∼ = H n , where H = e, f is the hyperbolic plane. An even unimodular lattice is L even = e 1 , ..., e n , 2f 1 , ..., 2f n .
• (V, q) = (E, 2N E ) ⊕ H n−1 , where E is the unramified quadratic extension of Q 2 with norm map N E . An even unimodular lattice is
.., e n−1 , 2f 1 , ..., 2f n−1 .
Proof. The first assertion of (i) is clear. The fact that d is even was shown in [OM, 93.15, Pg. 258] and the statement about disc(q) is obvious.
By (i), to obtain an explicit list of (V, q) which contains even unimodualr lattices, it suffices to examine a maximal lattice in (V, 1 2 q) and see if it is self-dual with respect to B q . Using the enumeration of maximal lattices in [GHY] , a short check gives the list in (iii) and it is easy to see that these two quadratic spaces have the discriminant and Hasse-Witt invariant stated in (ii). Now we come to the odd unimodular lattices; the situation here is more interesting. It is not difficult to enumerate the odd unimodular lattices in the spirit of the previous proposition. However, we shall refrain from doing so at the moment, since we would like to avoid case-bycase analysis as much as possible. We begin by noting: Lemma 5.4. (V, q) contains an odd unimodular lattice if and only if disc(V, q) can be represented by an element of Z × 2 . Proof. The "only if" part is clear. Conversely, for given δ ∈ Z × 2 and = ±1, consider the lattice L δ, defined by the following quadratic form on Z d 2 :
This defines a unimodular lattice and a quick check shows that disc(q δ, ) = δ and HW (q δ, ) = .
This proves the reverse implication.
Let L be an odd unimodular lattice in (V, q). The rest of the section is devoted to the determination of K L and the computation of λ L . A simple but crucial observation is that the induced mapq : L → Z/2Z is a group homomorphism, which is surjective since L is odd. Let Λ be the kernel ofq; it is a sublattice with index 2 in L.
We want to relate K L to K Λ . From the definition of Λ, the following lemma is clear.
Lemma 5.5. We have:
Now the quadratic form 1 2 q takes integer value on Λ. So we may ask if Λ is a maximal lattice in (V, 1 2 q). We have: Proposition 5.6. Let L be an odd unimodular lattice in (V, q) and let Λ be defined as above.
(i) If (V, q) does not contain an even unimodular lattice, then Λ is a maximal lattice in (V, 1 2 q).
(ii) If (V, q) contains an even unimodular lattice, then Λ is not a maximal lattice in (V,
Proof. (i) Suppose that Λ ⊃ Λ and 1 2 q is integer-valued on Λ . Then the symmetric bilinear form B q is integer valued on Λ . Since Λ is contained in a self-dual lattice with index 2, this forces Λ to be self-dual with respect to B q as well. So Λ is an even unimodular lattice in (V, q). But (V, q) does not contain such a lattice by assumption, and so (i) is proved.
(ii) The two quadratic spaces listed in Proposition 5.2(iii) do contain odd unimodular lattices. Indeed, an odd unimodular lattice in H n is:
.., e n−1 , 2f 1 , ..., 2f n−1 ⊕ e n + f n , e n − f n and one for (E, 2N E ) ⊕ H n−1 is
If L even is the lattice defined in Proposition 5.2(iii), then one sees easily that Λ = L even ∩L odd . This proves (ii).
To determine the index of K L in K Λ , we observe that
where Λ * is dual of Λ with respect to B q . The following lemma determines the order 4 group Λ * /Λ: Lemma 5.7.
Proof. Let L δ, be as given in the proof of Lemma 5.4, so that L δ, = Z d 2 and q has the form:
where each a i is a unit in Z 2 . Since a i ≡ 1 (mod 2), we see that Now when d is odd, L/Λ can be characterized as the unique order 2 subgroup of Λ * /Λ ∼ = Z/4Z. This implies that K Λ ⊂ K L , and together with Lemma 5.5, we deduce that K L = K Λ , which is a maximal parohoric subgroup of G(F v ). Hence, λ L = λ Λ can be read off from the appropriate table in [GHY] . We have shown: Theorem 5.8. Let L be an odd unimodular lattice in (V, q). If d = 2n + 1 is odd, then K L is the stabilizer of a maximal lattice in (V, 1 2 q). Further, the value of λ L is given by the following table.
Assume henceforth that d = 2n is even. In this case, Lemma 5.7 is not good enough to pinpoint K L ; we need more structures on Λ * /Λ. Indeed, the quadratic form q induces a quadratic form on the F 2 -vector space Λ * /Λ and we want to identify this quadratic space. The non-trivial elements of Λ * /Λ can be represented by Working with q = q δ, , we have
2 is a representative of disc(q). Clearly, the isomorphism class of the quadratic space Λ * /Λ depends on the valuation of the element
We have the following 3 cases:
Case A: ord(κ(q)) = 1. In this case, 1 2 q induces a quadratic form on Λ * /Λ. With respect to the basis {x 0 , z 0 }, it is given by x 2 + z 2 .
Case B: ord(κ(q)) = 2. In this case, q induces a quadratic form on Λ * /Λ isomorphic to (F 4 , N F 4 ).
Case C: ord(κ(q)) ≥ 3. In this case, q induces a quadratic form on Λ * /Λ. With respect to the basis {x 0 , z 0 }, it is given by xz. In other words, Λ * /Λ is a hyperbolic plane.
Proposition 5.9. (i) Cases A occurs if and only if E disc(q) is a ramified quadratic extension of Q 2 . In this case,
(ii) Case B occurs if and only if E disc(q) is not ramified and HW (q) = −(−1) n(n−1)/2 . In this case, K L has index 3 in K Λ and so λ L = 3λ Λ .
(iii) Case C occurs if and only if E disc(q) is not ramified and HW (q) = (−1) n(n−1)/2 , i.e. (V, q) contains even unimodular lattices. In this case, K L = K Λ and so λ L = λ Λ .
Proof. The characterization of the various cases in terms of discriminant and Hasse-Witt invariant is a straightforward check; we omit the details.
In Case A, L/Λ is the unique isotropic line in the quadratic space Λ * /Λ; so any element of K Λ has to fix L/Λ. In Case C, L/Λ is the unique non-isotropic line in Λ * /Λ, and so again
In Case B, each of the 3 lines in Λ * /Λ is non-isotropic and gives rise to an odd unimodular lattice. We need to show that K Λ acts transitively on these lines. If L 1 /Λ and L 2 /Λ are 2 such lines, then by Proposition 5.1, there is an element g ∈ G(Q 2 ) such that g(L 1 ) = L 2 . But Λ can be characterized as the subset of L 1 (resp. L 2 ) on which q takes even-integer values. So we must have g(Λ) = Λ. In other words, we have found an element of K Λ which takes L 1 to L 2 .
The proposition allows us to compute λ L in Cases A and B, since Λ is a maximal lattice in (V, 1 2 q) in these cases. The values of λ L are tabulated at the end of this section. In Case C, knowing that λ L = λ Λ does not help us since Λ is not a maximal lattice; we need to do some more work.
Assume hence that (V, q) contains even unimodular lattices. As we saw in Proposition 5.6(ii), there is an even unimodular lattice L even such that Λ = L even ∩ L. Now 1 2 q induces a quadratic form on L even /2L even , and using the two L even 's given in Proposition 5.2(iii), it is easy to check that
Hence,
Moreover, the action of K Leven on L even /2L even gives a surjection
Now we note:
(ii) K Λ ∩ K Leven is the subgroup of K Leven stabilizing an isotropic line in L even /2L even . Its index in K Leven is given by:
Proof. (i) This is because L even /Λ is one of the two isotropic lines in Λ * /Λ, and K Λ acts trasnsitively on the set of isotropic lines.
(ii) The first statement follows since 2Λ * /2L even is an isotropic line in the quadratic space L even /2L even . Further, SO(L even /2L even ) acts transitively on the set of isotropic lines, and the stabilizer of one such line is a maximal parabolic subgroup P with Levi factor
Hence K Λ ∩ K Leven is equal to the inverse image of P (F 2 ) under the projection r (which is a non-maximal parahoric subgroup). Thus
and one obtains the values listed in (ii).
The proposition allows us to compute volume of K L = K Λ given the volume of K Leven . Thus we can compute the value of λ L = λ Λ from the value of λ Leven . The latter is known from [GHY] since L even is a maximal lattice in (V, 1 2 q); in fact, λ Leven = 1.
Remarks: Using the results of [BT] , one can check that K Λ is a maximal compact subgroup. It has an associated integral group scheme G Λ whose special fiber has maximal reductive quotient
To conclude this section, we tabulate the values of λ L when d = 2n is even; the values for odd d were given in Theorem 5.8.
Mass of Unimodular Lattices
Assembling the results of the previous section, and using Theorem 3.1, one can give explicit formulas for the mass of unimodular lattices over Z. We shall only consider the odd unimodular lattices here, since the even case is easy. For the following proposition, see [Se] . Proposition 6.1. Let r ≥ s ≥ 0 with r + s = d. Let (V r,s , q r,s ) be the quadratic space Q d defined by the quadratic form (ii) If s > 0, so that V r,s is indefinite over R, then any odd unimodular lattice is isomorphic to some L r,s .
The proposition shows that there is no loss of generality in working with the lattice L = L r,s above. Over a finite place p, the basic invariants of V r,s are disc(q r,s ) = (−1)
[d/2]+s and HW (q r,s ) = (−1, −1) [s/2] . If p = 2, then L r,s ⊗ Z p is a maximal lattice in the relevant quadratic space and a quick check shows that the λ-factor is 1. On the other hand, when p = 2, we can read off the value of λ L⊗Z 2 from the two tables of the previous section. We state the results for odd and even dimensional spaces separately: which corresponds to the hyperbolic 3-space, we find that the value of the mass is a rational multiple of Catalan's constant C = L(2) = 1 − 1 9 + 1 25 − . . .
devided by π 2 . It is conjectured but not known that both C and C/π 2 are irrational.
